Abstract. We study the localization properties of the wavefunctions in graphene flakes with short range disorder, via the numerical calculation of the Inverse Participation Ratio(IP R) and its scaling which provides the fractal dimension D2. We show that the edge states which exist at the Dirac point of ballistic graphene (no disorder) with zig-zag edges survive in the presence of weak disorder with wavefunctions localized at the boundaries of the flakes. We argue, that there is a strong interplay between the underlying destructive interference mechanism of the honeycomb lattice of graphene leading to edge states and the diffusive interference mechanism introduced by the short-range disorder. This interplay results in a highly abnormal behavior, wavefunctions are becoming progressively less localized as the disorder is increased, indicated by the decrease of the average IP R and the increase of D2. We verify, that this abnormal behavior is absent for graphene flakes with armchair edges which do not provide edge states.
Introduction
Graphene [1, 2] the first 2d metal ever made is an one atomthick layer of carbon atoms arranged in a honeycomb lattice structure offering large practical advantages over conventional semiconductors, which make it an excellent candidate for replacing silicon in future nanoelectronics. Most importantly graphene offers a vast field for fundamental theoretical work revealing phenomena such as, relativistic behavior of the electrons at the Fermi level(E = 0), known as the Dirac point and topological phenomena like the edge states where the electron current flows along the sample boundaries like in topological insulators. Edge states have been studied in [3, 4, 5] through the theoretical investigation of long stripes of graphene known as nanoribbons [6, 7, 8, 9] while they have been experimentally observed in [10] through scanning tunneling microscopy (STM) and spectroscopy (STS) techniques. In [3] , it is shown that nanoribbons with the so called zigzag edges exhibit zero energy edge states with wavefunctions concentrated at the borders of the ribbons. These states are absent for nanoribbons with the other possible type of edge morphology, the armchair edges. So, zigzag nanoribbons exhibit vastly different electronic properties compared to the armchair nanoribbons, at the Fermi level. In principle, the type of edge(zig-zag or armchair) at the boundaries of a graphene system plays a crucial role in its fundamental electronic properties. This argument becomes also apparent when studying confined graphene structures known as flakes [11, 12, 13, 14, 15] which have been experimentally fabricated in [1, 16, 17, 18, 19, 20] . In [12, 14, 15] it is shown that graphene flakes with zigzag edges exhibit also edge states which are absent for flakes with armchair edges. For instance, trigonal flakes with zigzag edges provide edge states at the Fermi level while hexagonal flakes with zigzag edges give edge states near the Fermi level instead.
Apart from the detailed edge morphology of graphene systems, another important factor that should be taken into account when studying their electronic properties is the presence of disorder which is an inevitable factor as in any mesoscopic material. The main sources of disorder in graphene are the production method (synthesis) and the interaction with the supporting substrate [21, 22] . Disorder can appear as lattice distortions like wrinkles, rippling, or impurities with various degrees of concentration coming from strains in the lattice or charge traps. Disorder is not always an undesirable factor, it can be useful also in applications, for example in spintronic devices through the interaction with the spin [23, 24] allowing the manipulation of the magnetic properties of disordered graphene systems. Moreover, macroscopic graphene like lattice structures (honeycomb) with controllable disorder have been shown to be achievable in [25] through microwave simulation of the electronic waves. The theoretical treatment of disordered graphene requires the introduction of different models like short or long range(smooth)disorder. The type of disorder plays a crucial role on the localization properties of the wavefunctions in graphene. Long range disorder retains the separation between the two so called valleys, centered at the two non equivalent Dirac points of pure graphene (E = 0) at the corners of its hexagonal Brillouin zone, where the relativistic nature of electrons is revealed [21, 22, 26] . The separation between the two valleys in disordered graphene results in many interesting phenomena like anti-localization [27] or min-* : Edge states versus diffusion in disordered graphene flakes imum conductance [28, 29, 30] . On the other hand, short range disorder mixes the two valleys(inter-valley scattering), suppressing the relativistic effects at the Fermi level and resulting in Anderson localization [31, 32, 33, 34] . In [35, 36, 37, 38, 39] a rough estimation of the localization properties of the wavefunctions can be derived through the study of energy level statistics of disordered graphene flakes, verifying for example the Anderson localization for short range disorder. In general there has been an extensive study of Anderson localization phenomena in graphene.
However, the localization properties of the wavefunctions in the diffusive regime [40, 41] has been much less studied in graphene, especially concerning the cases where the edge states are present. The diffusive regime is defined in systems with short range disorder when the system's length is smaller than the localization length i.e before the onset to localization, where diffusive interference effects are known to dominate the behavior of the wavefunctions. In this regime, the wavefunctions show a chaotic form with the amplitude randomly fluctuating covering the whole system area. Moreover, the random fluctuations of the amplitude follow a multifractal form [41, 42, 43, 44, 45, 46, 47, 48, 49] , a phenomenon that is absent in the localized regime, that is for large scales where Anderson localization is revealed. In essence, this behavior owns it's existence on the finite size of the system, so it is reasonable to use confined structures like flakes for it's investigation. Specifically, for graphene the study of multifractality when edge states are present has shown interesting effects [49] . So, our main goal in this paper is to investigate the edge states at the presence of disorder in the diffusive regime, through the study of disordered graphene flakes that provide edge states at the zero disorder limit. Our analysis involves the numerical calculation of the Inverse Participation Ratio (IP R) and it's scaling behavior which gives the fractal dimension D 2 characterizing roughly the volume of a wavefunction. Both measures combined provide a rough picture of the wavefunction form. Our calculations show evidence of the interplay between two mechanisms: the interference mechanism of the honeycomb lattice of graphene, leading to concentrated wavefunctions at the borders namely the edge states, and the interference effects leading to diffusion of the wavefunctions in conventional disordered systems. The interaction between these two interference mechanisms has a large impact on the localization properties of the wavefunctions. When edge states are present, we observe a decrease of the average IP R and an increase of D 2 with increasing disorder, implying that the wavefunctions become progressively less localized. This is a highly abnormal behavior compared to the conventional 2d disordered systems, where the wavefunctions become naturally more localized with increasing disorder. We verify that the normal behavior is reproduced for disordered graphene flakes without edge states.
The remainder of the paper is organized as follows. In section 2, we introduce our numerical model based on the tight-binding framework along with the short-range disorder. In section 3 and 4, the numerical results for the various graphene flake shapes at the presence of shortrange disorder are presented. We study two different kind of shapes, triangular and hexagonal, with zigzag and armchair edges respectively. We discuss our results and conclude in section 5.
Model
For our analysis, we use the standard tight binding model for graphene with first nearest neighbor hopping and shortrange disorder simulated by a random on-site potential on each lattice site. The model is described by the following Hamiltonian
where c † n and c n are the creation and annihilation operators for spinless fermions, < n, m > denotes nearest neighbors connected with constant hopping element t and ε n the random on-site potential, following the box distribution P (ε) = 1/w, in the range [−w/2, w/2] with w denoting the strength of the disorder. Additionally, all energies E are measured in units of the hopping energy t, namely E ≡ E/t. This type of disorder simulates the existence of impurities in the honeycomb lattice of graphene. It also mixes the two valleys resulting in inter-valley scattering in our problem, which suppresses the relativistic effects at the Fermi energy while it breaks also the chiral symmetry of the graphene lattice. We focus our study on graphene flakes with specific shapes that are known to exhibit edge states at the limit of zero disorder. These include shapes studied in [12, 14] like the trigonal and the hexagonal, with zig-zag edges. Also, we extend our study on the same shape types but with armchair edges, investigated also in [12, 14] where the edge states are absent. We consider flakes that consist between a few hundred to a few thousand atoms ,as the ones that have been studied experimentally in [12, 16] .
Diagonalizing the Hamiltonians for each graphene flake we derive the wavefunction amplitudes Ψ i at each lattice site i for energy E, which allow us to calculate the inverse participation ratio (IP R) given by IP R(E) =
The participation ratio gives the information about the degree in which every site of the lattice is participating in the wavefunction. With its inverse we can get a rough estimation of the localization properties. In general, wavefunctions with densely distributed amplitude for example a diffusive or a ballistic wavefunction, will give values of IP R close to zero while localized wavefunctions will give IP R values close to one. In addition, the scaling of IP R provides the fractal dimension D 2 of a wavefunction through the relation IP R ∼ L −D2 and is a characteristic measure of the volume it roughly occupies. For instance, when analyzing a two dimensional system, D 2 = 2 when the wavefunction amplitude is equally distributed on the whole lattice while D 2 = 0 for a localized wavefunction. In general, D 2 belongs to a spectrum of fractal dimensions characterizing objects known as multifractals. Non integer values of D 2 imply fractal wavefunctions [43, 44, 45, 48, 49] that are not either extended nor localized. The value of D 2 gives a good estimation of the volume a wavefunction is occupying although it does not uniquely identify it's form. For this reason, we illustrate the wavefunction probability amplitude |Ψ i (E)| 2 for each case that we are studying. With these three measures the IP R, D 2 and the wavefunction probability, we can get a fairly complete picture of the wavefunctions in disordered graphene flakes.
Triangular graphene flakes
In this section, we examine the wavefunction localization properties of disordered graphene flakes of trigonal shape with two different types of edges, zigzag and armchair ( Fig. 1) , via the analysis of IP R and its scaling which gives the fractal dimension D 2 . One example of a trigonal graphene flake with zigzag edges can be seen in Fig.1(a) . We characterize the size of the flake by the base length of the triangular shape L in units of the lattice constant α = 2.42Å, for example the length is L = 6α in Fig. 1(a) . In the case of zero disorder the zig-zag triangle exhibits zero energy edge states as discussed in [12, 14] , with wavefunctions concentrated on the zigzag edges(see Fig. 3(a) ). In Fig. 2 , we plot the average value IP R versus the energy E near the Fermi energy(E = 0) for a flake with L = 44 consisting of 2113 atoms and for different disorder strengths w = 0.5, 1, 1.5. The number of disorder realizations is 5000. Orange color in the background represents the individual values of IP R for w = 0.5 used to obtain the corresponding curve of IP R . The IP R for w=0 can be also seen as large individual green colored dots, separated by large gaps. The green dot corresponding to the lowest energy for w=0 is the average IP R over 43 edge states with energy E = 10 −16 . The number of these edge states is significantly larger than the number of extended states(6 states) that lie higher in the energy spectrum. At the presence of disorder both the edge states and the extended states disperse creating two separated energy areas characterized by vastly different values of IP R, something that is especially evident for the weaker disorder w=0.5. For the low energy regime with the larger IP R values, approximately until E ∼ 0.1 clearly the IP R is in average decreasing with increasing disorder strength. This is also evident in the inset of Fig. 2 where we show the corresponding values of IP R. The points concentrate progressively lower with increasing disorder resulting in lower values of IP R as we have seen in the main figure. Keeping in mind the two trivial limits of IP R, IP R = 0 for extended wavefunctions(ballistic) and IP R = 1 for localized wavefunctions, the overall behavior of IP R implies that the low energy wavefunctions of the zigzag triangle with disorder are becoming in average less localized as the disorder is increased. This behavior is highly abnormal and is absent in normal disordered materials, for instance a square lattice or a chain, where the wavefunctions become naturally more localized with increasing disorder, with the IP R increasing in average. We have verified that the abnormal behavior starts approximately at w=0. 25 . From w=0 to w=0.25 a normal behavior occurs with IP R increasing. In Fig.2 , we can also observe an abrupt change of IP R starting at E ∼ 0.1 resulting in large fluctuations until E ∼ 0.17. This is especially evident for w = 0.5, in both the curve of IP R and the individual values of IP R(orange color). Below E ∼ 0.1, we can distinguish a whole area of points with values of IP R in average much higher than the values corresponding to energies in the interval E ∼ 0.17 − 0.25.
The energy area E ∼ 0 − 0.1 consists mainly of wavefunctions that have their amplitude concentrated at the edges of the trigonal flake as shown in figures 3(b), 3(c) where the wavefunction probability is plotted for E ∼ 0.07 and different strengths of disorder. Comparing the edge state in Fig. 3(a) for w=0 with the wavefunction in Fig.  3(b) we can see that weak disorder (w = 0.5) localizes the wavefunction along a random area on the border of the flake acting in this way as a pertubation on the zero disorder limit studied in [14] , where the edge state amplitude spreads almost periodically along the whole border. So, we can say that the edge states survive for weak disorder in the sense that the amplitude remains mostly concentrated at the border of the flake. The abnormal behavior that we distinguished through the analysis of IP R in the energy area E ∼ 0 − 0.1 can be understood by looking at figures 3(c) and 3(d) where we plot the wavefunction probability for stronger disorder w = 1.5 and w = 5. In Fig. 3(c) the amplitude although still mostly localized along the border, has started extending across it while it also penetrates slightly the flake, resulting in less localized wavefunctions and in lower IP R values as seen in Fig. 2 . Even larger disorder (w = 5) in Fig. 3(d) There is an abrupt change of IP R at E ∼ 0.1 evident also in the background(orange points), coming from the transition from edge states concentrated at low energies to extended states for higher energies.
to localize the wavefunction inside the flake instead of the edges. For sufficiently strong disorder, the destructive interference mechanism of the honeycomb lattice that leads to edge states in graphene is completely destroyed by the interference mechanism coming from the short-range disorder, leading to Anderson localization with the wavefunctions becoming completely localized in the interior(bulk) of the flake instead of the edges. In essence, the on-site short-range disorder destroys the special topology of the honeycomb lattice that favors the creation of edge states. However,the effects of the edge states are not immediately washed out but only in the large disorder limit. For weaker disorder the abnormal behavior we analyzed occurs, coming from the interplay between the interference mechanisms of the diffusion and the edge states resulting in less localized wavefunctions with increasing disorder. Apart from this interplay another factor that plays a role in the abnormal behavior we obtain is the progressive mixing of the edge states with the extended states as the disorder is increased, which becomes more important for strong disorder. We have considered low disorder strength values (w < 2) in the study of IP R in order to minimize the effect of this mechanism. For energies above E ∼ 0.17 in Fig. 2 the localization properties of the wavefunctions change drastically, spreading along the whole flake, indicated by IP R obtaining much lower values than for E ∼ 0 − 0.1. The transition from edge states to these extended states creates the large fluctuations in the energy interval E ∼ 0.1 − 0.17. We continue our analysis by studying the scaling of IP R from which we can derive the fractal dimension D 2 providing a rough estimation of the wavefunction's volume. In Fig. 4 , we show D 2 for different strengths of disorder with the values of the average IP R for each size being over 5000 disorder realizations and energies inside the window [0, 0.1], where the edge states lie approximately according to our previous analysis. Since IP R ∼ L −D2 , we plot ln( IP R ) versus ln(L) in order to get the exact value of D 2 . We can observe that the slope of each curve representing D 2 increases with increasing disorder strength, implying that the volume occupied by the corresponding wavefunctions increases also. Moreover, ln( IP R ) and consequently IP R for each individual size averaged over the energies and realizations decreases, in agreement with the results obtained in Fig. 2 for the curves of IP R versus E. Additionally, D 2 obtains non integer values implying multifractality inside the chosen energy window, evident from the abrupt fluctuations of the amplitude in Fig.  3 . The values of D 2 below one are reasonable considering the wavefunctions for w = 0.5, 1.5 in figures 3(b),3(c) being mostly concentrated along the border of the trigonal flake extending slightly inside. The overall behavior of D 2 versus the disorder strength for the graphene triangle with zigzag edges can be seen in Fig. 14 . We should clarify that we have restricted our analysis of D 2 on the diffussive regime, for larger flake sizes Anderson localization takes place in all cases giving zero D 2 . So, we have found that although weak disorder preserves the edge states in trigonal flakes with zig-zag edges, its increase results in a highly abnormal behavior, the edge states become progressively less localized, extending inside the flakes.
We contrast this result to the behavior of the IP R and D 2 observed for trigonal flakes with armchair edges shown in Fig. 1(b) , for which edge states are absent for zero disorder according to [12, 14] . IP R versus the energy E for L = 44.5(2106 atoms)and for different disorder strengths can be seen in Fig.5 along with their respective distributions of IP R in the background(orange points-w = 0.5) and inside the inset(brown points-w = 1.0, grey pointsw = 1.5). Also, the < IP R > for w=0 can be seen as large green dots. Clearly, as the disorder is increased, IP R increases inside the whole energy window [E = 0 − 0.26] , which is evident also in the insets where the individual points of IP R concentrate progressively in higher values with increasing disorder. The gaps at specific energies for w = 0.5 are a consequence of the respective gaps appearing in the energy spectrum for zero disorder as seen from the < IP R > for w = 0. Apart from these gaps in Fig.  5 , IP R behaves smoothly with the energy in contrast to the trigonal flake (Fig. 2) where we observed two regions with vastly different values of IP R. In Fig. 6 , we show a characteristic example of a wavefunction lying inside the energy window of Fig. 5 at E ∼ 0.07. The amplitude fluctuates wildly, randomly spreading on the whole flake, a common picture of a diffusive wavefunction.
The results for the fractal dimension D 2 can be seen in Fig. 7 for different strengths of disorder. The value of IP R for each size is calculated as an average over differ- The gaps appearing at the distribution of IP R for w = 0.5 (orange points) come from the respective gaps present for w = 0. As the disorder is increased the gaps are disappearing, as shown in the inset. Fig. 6 . The wavefunction probability amplitude for an armchair trigonal flake of size L = 44.5(2106 sites) for strength of disorder w = 1.5 at E ∼ 0.07. The amplitude spreads randomly all over the flake, this is a common picture of a diffusive wavefunction encountered in the diffusive regime of normal 2d systems.
ent realizations of the disorder and over the energy window [0, 0.2]. In contrast to the trigonal flakes with zigzag edges, D 2 decreases with increasing disorder, as for normal 2d disordered systems where the wavefunctions occupy progressively less volume, becoming less dense, as more disorder is introduced. The overall behavior of D 2 versus the disorder strength can be seen in Fig. 14 . We should also remark that for sufficiently large flakes D 2 goes to zero because of Anderson localization. So, the trigonal flakes with armchair edges at the presence of short range disorder do not exhibit the abnormal behavior we encountered in the disordered trigonal flakes with zigzag edges. Instead, they behave as normal disordered metals with their cor-* : Edge states versus diffusion in disordered graphene flakes responding wavefunctions becoming more localized with increasing disorder.
Hexagonal graphene flakes
We now extend our analysis on hexagonal graphene flakes with zigzag edges which provide edge states at the zero disorder limit(see Fig. 9(a) ) as in the case of the corresponding trigonal flakes [12, 14] concentrated near the Fermi energy. Again, we are interested in the effect of the disorder on the edge states obtained through the scaling analysis of IP R. The overall behavior of IP R versus the energy can be seen in Fig. 8 for a hexagonal flake with L = 18 consisting of 1944 sites. The behavior is similar to that of the zig-zag triangle. For low energies below E ∼ 0.1 where the edge states are concentrated(see figures 9(b),9(c)), < IP R > and IP R are decreasing with increasing disorder meaning that the wavefunctions are becoming progressively less localized as indicated by the wavefunction form in Fig. 9 (c) compared to 9(b). This abnormal behavior starts approximately from w=0.25 as in the zig-zag triangles. IP R changes drastically above E ∼ 0.1 where extended states start to appear, obtaining much lower values despite the fact that the transition from the edge states to the extended states is smoother in this case than it is for the zigzag triangle. This is because of the denser energy spectrum compared to the triangular flakes, evident from the comparison of IP R for w=0(green points) between Fig. 2 and Fig. 8 . Sufficiently strong disorder localizes the wavefunction inside the flake(see Fig. 9(d) ). As in the case of the zigzag trigonal flakes, D 2 in Fig. 10 is increased as we increase the disorder (wavefunction volume increases), while its non-integer values imply multifractality in agreement with the abrupt fluctuations of the amplitude in Fig.  9 . It is clear that for weak disorder the edge states survive also in the case of the hexagonal flakes with zigzag edges and result in less localized states as the disorder is increased. So, the abnormal behavior we pointed out for the trigonal flakes with zigzag edges exists also in the case of hexagonal flakes with zigzag edges. We conclude that this effect is independent of the overall flake shape and is related with the existence of edge states, governed by the detailed edge structure on the borders of the graphene flakes.
To finalize our study, we consider the case of hexagonal flakes with armchair edges shown in Fig. 1(d) . In this case, there are no edge states in the limit of zero disorder, in contrast to the flakes with zigzag edges. In Fig.  11 , we show IP R for a hexagonal flake with armchair edges with L = 20.2 consisting of 2382 sites for disorder strengths w = 0, 0.5, 1.5 and 5000 realizations along with the corresponding IP R values in the background and the inset. Overall IP R increases as the disorder is increased like in the case of the trigonal shape with armchair edges. This is compatible with the behavior observed in normal disordered systems like a square lattice or a linear chain, as we have already pointed out. Also in Fig. 13 , we observe that D 2 is clearly decreased. In Fig. 12 , the corresponding wavefunction has the characteristic diffusive form with randomly fluctuating amplitude covering the whole lattice, compatible with the non integer values of D 2 , close to two. So, the hexagonal flakes with armchair edges at the presence of short range disorder, do not exhibit the abnormal behavior we encountered in flakes with zigzag edges which provide edge states. 
Discussion and Conclusions
In this paper, we have presented numerical results for graphene flakes with short-range disorder that show a highly abnormal behavior for the localization properties of the wavefunctions when edge states are present. We observe a decrease of the Inverse participatio ratio IP R and an increase of the fractal dimension D 2 with increasing disorder, implying that the wavefunctions become roughly is increased with increasing disorder in contrast to the flakes with armchair edges for which D2 behaves conventionally, decreasing with the disorder. This means that when edge states are present the volume of the corresponding wavefunctions is in average increasing, they become less localized with increasing disorder as we have shown through the analysis of IP R. At the limit of zero disorder (w = 0) D2 = 1 for both the zigzag triangle and hexagon since both flakes exhibit zero energy edge states extended along the flake's border. For w = 0 − 0.25 localization of these edge states results in a steep decrease of D2, followed by the abnormal behavior we described.
less localized as the disorder is increased. We argue that the underlying mechanism that causes this behavior is the interplay between the destructive interference mechanism that produces edge states(concentrated wavefunctions at the borders) and the diffusive interference mechanism, known to prevail in 2d mesoscopic systems with short range disorder for scales below the localization length. We have verified this behavior through the study of trigonal and hexagonal graphene flakes with zigzag edges where edge states are present. The abnormal behavior is absent for flakes with armchair edges which do not result in edge states. Moreover the edge states survive for weak disorder. On the other hand, for sufficiently strong disorder the edge state mechanism is completely suppressed by the destructive interference mechanism of the short-range disorder(Anderson localization) resulting in localization of the wavefunctions in the bulk of the flakes instead of the edges. The abnormal behavior we obtained exists in the intermediate regime between the weak and strong disorder limit. So, we have shown that when edge states are present, the consideration of interference effects in graphene systems with short-range disorder is very important and leads to unexpected behavior. In our work we concentrated in the diffusive regime while in future studies, we also intend to investigate the localized regime. Additionally, we would like to extend our analysis in order to include effects like the magnetization of the edges [23, 24] in graphene systems with disorder or to investigate the connection with topological insulators which has been shown to carry resemblance to graphene [50, 51] , due to the edge states mimicking the topological property of the electron current flowing from the boundary surfaces in these materials. We hope that our work will motivate further experimental investigation of the edge states in graphene systems, and their impact on the electronic properties.
